1. Sis ELA.
2. S has the common fixed point property on compacta (i.e. for any compact Hausdorff space and any homomorphic representation 5' of 5 as a semigroup of continuous maps from I to J (under functional composition), there is some x0e X such that s'(x0) = x0 for all s' e S' (Mitchell [22] ). 6. H is not dense in m(S) [16] . Several other characterizations of ELA semigroups are given in [22] , [15] , [16] . The class of ELA semigroups is indeed immense and as shown in [15] any left cancellation semigroup can be imbedded in a left cancellation ELA semigroup. Nevertheless no right cancellation ELA semigroup (except the identity semigroup) exists.
It is the main purpose of this paper to display and prove several functional analytic properties of ELA semigroups some of which turn out to be new characterizations of ELA semigroups ( §2). Theorem 5 ( §2) yields the following beautiful (we think) geometric characterization of ELA semigroups:
A semigroup 5 is ELA if and only if for any normed space X and any antirepresentation {Ts;se S} of S as linear maps from X to X with ||Fs|j S 1 dist (0, 0(z)) = dist (0, Co 0(z)) for all z e X where 0(z) = {Tsz; s e S}, Co B is the convex hull of ¿c X and dist (0, F) = inf{||x||;xeß}.
This theorem as well as Theorem 6, on the representations of S as algebra homomorphisms of certain Banach algebras are inspired by a result of I. Glicksberg [30, pp. 99, 104] .
Theorem 8 of this section is an analogue for extremely amenable semigroups of the Alaoglu-Birkhoff ergodic theorem, (see Dixmier [6, p. 223] ) the main difference being that the convex hull of the orbit of an element is replaced by the orbit itself.
Theorem 7 shows that the class of ELA semigroups coincides with the class of semigroups possessing a kind of "multiplicative invariant extension property" for Banach algebras. It is analogous to a property of amenable semigroups obtained by R. J. Silverman in [24] and turns out to be a characterization of ELA semigroups. The proofs of Theorems 7 and 8 are different from the proofs given in the literature for the amenable case.
Theorem 4 is a generalization of a theorem of Bonsall, Lindenstrauss, and Phelps [1] on the extreme points of the set of linear nonnegative normalized operators between two function algebras and turns out again to be a characterization of ELA semigroups. It does not have an analogue to the left amenable case.
Corollary 3 provides a new purely algebraic characterization of an ELA semigroup S in terms of its antirepresentations {Ts;s e S} as ring homomorphisms of any (not necessarily commutative) ring R into itself, S being ELA if and only if the linear span of {Uses (I-TS)R} coincides with Uses Fs_1{0} (where /: R ->■ F is the identity) for any R and each antirepresentation. If S is ELA then the linear span of {Uses (I-TS)R} will hence be a two-sided ideal of R (and in particular H=K\n [16] ).
In §3 of this paper, we study the support functional q(f ) = sup </>(f) of the set of left invariant means for an ELA semigroup S (where the sup is over all multiplicative left invariant means). We furthermore give some results on left almost convergence, (fe m(S) is left almost convergent to c iff </>(f) = c for any left invariant mean </> e m(S)*.)
In Theorem 6 we give several expressions for q(f) which have partial analogues for the left amenable case. In Theorem 8 we give a characterization of left almost convergence which again has a partial analogue for the left amenable case, the main difference being that the convex hull of the orbit of an element is replaced here by the orbit itself. We also give in this section a new characterization of an ELA semigroup S in terms of the functional p(f) = lim sups f(s) on m(S), where the lim sup is with respect to a certain partial order which renders any S, such that aS n bS=£ 0 for all a, b e S, a directed set. This result does not have an analogue for the amenable case.
We give in what follows an example of a semigroup S which is ELA and ERA for which there is a function /0 which is left almost convergent to 1 (say) but not right almost convergent. It will follow, partly from Theorem 8, that the norm closure of {/s/0; se S} contains a unique constant function which is 1. 1 is also the unique constant function in the pointwise closure of {rsf0; s e S} while the norm closure of {rsf0 ; s e S} does not contain any constant. Furthermore the pointwise closure of {/s/0 ;íe5} contains at least two different constant functions.
We end this paper with more examples of ELA semigroups. They should convince the reader that even the class of semigroups which are ELA and ERA and do not possess a zero is immense.
I. Some notations. If S is a semigroup, we denote by LIM (RIM) the set of left (right) invariant means on m(S). LIM (RIM) will also stand as an abbreviation for "left (right) invariant mean."
If a semigroup S is extremely left amenable (ELA) and extremely right amenable (ERA) (i.e. there are multiplicative fa <pm(S)* such that </> e LIM, xb e RIM) then S is extremely amenable (EA) i.e. there is some multiplicative </>0 e LIM n RIM (for example </i0 = <t> O <A e LIM n RIM, see Day [4, p. 529] , and </>0 is multiplicative).
We shall abbreviate left (right) amenable by LA (RA).
If 5" is a semigroup and A^Swe shall sometimes identify A with the set of point measures {la; a e A}<^ß(S)<=m(S)* and then A~ the w*-closure of A in ß(S) (or for that matter in m(S)*) coincides with {</> eß(S); <f>(A)= 1} as readily seen and well known. (la(f)=f(a) for all/e m(S), a e S.) If X is a Banach space with conjugate Banach space X* then the w-topology on X (the w*-topology on X*) is the weakest topology on X (on A'*) which renders all x* e X* (all xe X) continuous linear functionals on X(on X*).
The relation i renders the set D a directed set [28, p. If S is any semigroup such that iS n tS^ 0 for all s, t e S then the relation tis iff / e sS u {s} renders S a directed set ((a) and (c) are clear and if ui t, tis then uetSu {/} and tesSu {s}. So u e sS u {s} i.e. uis). In particular if S is an amenable semigroup, then Ss n St^ 0 and sS n tS¿ 0 for all s, t e S. Two partial order relations are thus defined in S. The right partial order: tis iff t e sS u {s}. And the left partial order: tis iff t e Ss u {s}. Both these partial orders render S a directed set. If then {ys; s e S} is a net with values II. Some functional analytic properties of ELA semigroups. We will need in what follows the following easy lemma: Lemma 1. Let S be ELA and </> e m(S)* be a multiplicative mean such that </>(sS)= 1 for all se S. If {1SJ^m(S)* is any net such that w*-lima lSa = <f>, then limc |[FslSa-ls¡t\\=0 for all s e S (i.e. for any s e S there is some a0 with ssa = sa if a^a0).
Proof. Let s e S and choose / e S such that st = t. Then 1 =</>(tS) = limC! lts(sa). Since 1(S e m(S) is 0, 1, valued there is some a0 such that sa e tS if oSa0. Thus SSa = Sa if aäa0 or \\L,ls<¡-lj| = || lss"-1SJ =0 for a^cc0.
Remarks. 1. Necessarily </> is a LIM (see Day [4, p. 520(A)]). This lemma yields an easier proof to Theorem 2 on p. 187 of [15] .
2. In particular the set of multiplicative LIM's coincides with the set of multiplicative means on m(S) which "live" on right ideals of S (i.e. such that </>(sS)= 1 for all s e S). This identification of the set of extreme LIM's is due to J. Sorenson and is given in his thesis [25] with different proof.
3. If 5* is EA and 0 is a multiplicative left and right invariant mean on m(S) and if {jt}cS is such that w*-lim lSa = </> then for any s e S there is some a0 such that ssa = sas = sa if a^a0-In particular if 5" is an EA semigroup of linear bounded maps from the normed space X to X then there is a net {iJ^S such that lima ||ia5 -j8|| =lima \\ssa -Jal =0 for all j e S (i.e. S is uniformly ergodic under a net {sa} of elements of S. Compare with M. Day [4, p. 536]).
Theorem 2. (a) Let G be a group with identity e and {Ts;s e S} be an antirepresentation of the semigroup S as homomorphisms from G to G. Let Ka be the subgroup of G generated by all elements {g(Tsg) "1 ; g e G, s e S}.
If Sis ELA then (*) tfo-uar1« SES and the set {g(Tsg)~lm, g e G, s e S} cpincides with the group KG.
(b) If S is a semigroup whose antirepresentation {ls; s e S} on the additive group m(S) satisfies (*) then S is ELA.
Remark. If G is a linear space then KG = {2iX-(gi -TSigi);gieG,sieS,n>0}
and KG coincides with the set {g -Tsg; s e S, g e G}. [One cannot replace "antirepresentation" by "representation" in this theorem. Since take S = {ex,..., en} with eiej = ei for ISiJSn andn> 1. Then the representation {rs; s e S} as (even algebra) homomorphisms from m(S) to m(S) will satisfy {0} = Km(S) = Uses rs 1{0) as readily checked, but S is not ELA, so (b) does not hold, (here KmS) is the linear span of {f-rsf;fe m(S), s e S}).
For (a) consider the ELA semigroup S' = {ex,..., en) with É>¡e, = e; for lSi,jSn (where n> 1) and its representation {rs; s e S'}. Let fe m(S') be defined by f(e,)=j for ISjSn. Then reJ-reJe Fm(S., and (reJ)(s)=f(e,) for all seS'. Thus rJje2f-reJ)= 1 em(S') for all a e S'. Thus Fm(S.,^ Uses' rs_1{0} so (a) does not hold. It is interesting though that the set {f-rsf;fem(S'), se S'} coincides with Uses-T 1{0} (and in particular both these sets are not linear subspaces of m(S') as would be the case for antirepresentations).
Since [ra(f-raf)](s) = (f-raf)(a) =f(a)-f(a2) = 0 for any s e S'. Conversely if rj=0 then f=f-rje Fm(S), (here Fm(S.) stands for the linear span of {/-rsf;fe m(S'), s e S'}).
Notation. In all that follows K(H) will always stand for the linear span (ideal) generated by {/-hf;fe m(S), s e S}. We bring now a generalization of a theorem of Bonsall, Lindenstrauss and Phelps in [1] which will turn out to be a new characterization of ELA semigroups. Let A, B be algebras of bounded real functions on the sets X and Y, containing the constants. Let S be a semigroup of maps which acts from X to X i.e. such that (st)(x) = s(tx) for x e X, s, t e S. Denote by KS(A, B) the set of linear transformations F from A to B such that 7/gO if/àO and Fl = 1 (the constant one functions on X, Y resp.) and such that T(fs) = T(f) for any fe A, s e S where fs(x) =f(sx). Let now {<pa}cw(S)* be a net of finite means (i.e. <ba e Co {Is; s e S}) strongly converging to left invariance (i.e. such that ||Fa<£a-^J -» 0 for all a e S [4, p. 524].
Then \\Téa(x-Tax)\\ -+0 for all xe X and a e S. Thus ¡T^yW -^0 for y e Kx. Notice also that F",x e Co 0(x) for any finite mean fa Let now zeX, e>0 and he Kx satisfy ||z + /i|| < dist (z, Kx) + e. Choose ß such that \\T">sh\\<e. Then « THz || S || F,a(z + A) ||-r|IW I < dist(z,Fx) + 2*.
Hence dist (0, Co 0(z))^dist (z, Kx) and 1(a) holds. such that C n (A u B) = 0.
Let now A0, B0 be two fixed disjoint nonvoid right ideals. By an easy application of Zorn's lemma there is a family of pairwise disjoint right ideals & to which A0 and F0 belong which is maximal with respect to the property of pairwise disjointness (i.e. any other right ideal of S intersects some element of ¿it). for all x e X. For S to be ELA, it suffices that (G) holds for the antirepresentation {Ts = ls;seS}overm(S).
We find it striking that the geometric property (G) is equivalent to the algebraic property that each s, t e S admit a common right zero, or to the topological property that S has the common fixed point property on compacta.
3. Let G be any amenable group with identity e and G^{e}. We show that any left translation invariant subalgebra A^m(G) which contains a nonconstant function / also contains some function h with dist (0, 0(h)) # dist (0, Co 0(h)).
Since if feA satisfies f(a) ¥=f(b) where a, b e G and c = ab~1 then h=f-fc will satisfy h(b) ¿0 so 0# \\h\\ = \\lsh\\ for all s eG. Thus 0#dist (0, 0(h)). But h e KmiS) so 0 = dist (h, Am(S)) = dist (0, Co 0(h)) by 1(a).
Consider the group Z of additive integers. Let x e m(Z) be defined by x(n) = (-l)\ Then \\lnx\\ = \\x\\ = l for all «eZ so dist (0, 0(x))= 1. But ±(x + lxx) = 0 so dist (0, CoO(a:)) = 0.
4. It follows under the assumptions of 1(a) that for any xe X with dist (0, Co 0(x)) = c>0, there is some x* e X* with ||a:*|| = 1, x*(Kx) = 0and |a-*(a-)| =c=dist(x,Kx). (Invoke the Hahn-Banach theorem.) This is again a result of I. Glicksberg [30] . In partial analogy to it one has Theorem 6. Let S be ELA and {Ts; s e S} be an antirepresentation of S as linear multiplicative maps from the complex commutative Banach algebra X to X. Assume [March also that X has identity and that ||x|| =supJr.e./y |x*(x)| for all x e X where Jt is the set of all multiplicative x* e X*.
Then for all x e X dist (0, 0(x)) = max |x*(x)|
x-e.ffs where Jt s = {x* e Jt ; T*x* = x* for all s e S}.
This property characterizes ELA semigroups.
Proof. Our conditions imply that ||FS||S1 for all s e S, and that JcJ* and hence Jt's are compact hausdorff in the w* topology.
Let ib e mc(S)* be multiplicative on mc(S) (all complex bounded functions on S) and x* eJi. Then xb Q x* e X* defined by (</> O x*)(x) = fa[x*(Tsx)] belongs to Jts, if </> is left invariant (i.e. if Ls</> = xb for all s e S). This is readily checked. Then where Jts ¡s the set of multiplicative left invariant </> e mc(S)*. <f>0 restricted to m(S) will be a multiplicative LIM as readily seen. Remarks. 1. Upon taking S as the identity semigroup in Theorem 6 one has 0(x) = {x} so ||x||=dist (0, 0(x)) = maxx.e.# \x*(x)\(Jt = Jts in this case). Hence, the assumption ||x|| =sup.v.£.// |x*(x)| for all x e X, cannot be relaxed. Theorem 7. Let {Ts; s e S} be an antirepresentation of the ELA semigroup S as continuous algebra homomorphisms from the Banach algebra B into B. Let A^B be a subalgebra such that TS(A)<^A for all s e S. Let (/> e A* be multiplicative and satisfy </>(Tsx) = </>(x) for all x e A and s e S. If there is some multiplicative 0 g B* which extends </> then there is a multiplicative extension </>0 e B* °f 4> for which 4>o(Tsy) = *r'o(y) for all y e B and se S. Conversely, any semigroup which has this "multiplicative invariant extension property" in necessarily ELA.
Proof. Let Mf = {</> e B* ; i/i is a multiplicative extension of </>}. Then Mf is a R^-closed subset of the unit ball of B* and is hence iv*-compact. Each T*: B* -*■ B* is w*-continuous and T*T* = T*t so {T*; s e S}, as a homomorphic image of S, is ELA. Furthermore T*(Mf)<^Mf for all se S. Since if «/> g Mf, x e A, y, z g B then (TU)(x) = 0(Fsx) = </>(Tsx) = </>(x) and (T*</,)(yz) = ^[(Tsy)(Tsz)] = (T?</,)(y)(T^)(z). Thus T*i/i e Mf. By Mitchell's fixed point theorem there is some t//0e Mf such that Fs*<Ao = 4>o for all seS.</i0 is the required extension.
Let now S be a semigroup, B=m(S), and A be the algebra of all constant functions in B. Let Fs = /S: B-^ B for s e S'and define </> on A by </>(cl) = c. If ae S n 2 «i/w) is fixed, define ibem(S)* by xb(f)=f(a) for fem(S).
Then xb is a multiplicative extension of fa If S has the multiplicative invariant extension property then there is a multiplicative ib0em(S)* which extends <j> and such that xb0(fs) = faAf) f°r í e S,/e m(S). i/io^0 since W) = <A(I)=1-00 ¡s necessarily a mean and so Sis ELA.
The next theorem is the analogue to EA semigroups of the Birkhoff-Alaoglu ergodic theorem (see Dixmier [6, (Thus X= F © Kx.) Furthermore, for any x e X, the closed convex hull of {Tsx; s e S) (denoted by C(x)) intersects F in the unique point Px.
Proof. Assume that {F,;.seS} is a representation and X is complex. Then, since each F,: X -> X is w-w continuous [7, p. 422 ] FJit-closure of {F,x; i e S}] <=H--closure of {Tsx; s e S}, which is it-compact. By Mitchell's fixed point theorem there is some x0 e w-closure of {Fs.v; s 6 S}<=C(x) such that Fsx0 = x0 for all s e S. Hence C(.v) n F# 0 for all xe X. Let now y e C(x) n Fbe arbitrary, ß = sup, ||F,| < oo [7, p. 53 ] and £>0. Let £" ß,(TSix) be a convex combination such that || y -2ïftF,rv!| <e/ß. Let a e S satisfy aSi = a, ISiSn. Then for any s e Sa u {a}, TSTS¡ = Ts and so :
||F,x-y|| = ||Fsx-Fsy| = ¡| F,(2 ftF.x-y)|| < ße/ß = e.
By definition then norm (/)-lims F,x exists and equals y where y e C(x) n F is arbitrary. Hence C(x) n F contains a unique element, denoted by Px, and Fx = norm (/)-lim, F,x for xeX. Thus F is a linear map ||P||^sup, ||F,|| and Px = x if x e F. But P(Tax) 6 C(Tax) n F^C(x) n F={P.x} and Ta(Px)<=Ta[C(x)] nTa(F)<=C(x)nF={P.x}.
So TaP = PTa = P for all a e S. Hence PX=F (so P2 = P) and F={xe X; Px = x}. Furthermore P(x-F,x) = 0 so Kx^P-%{0}. If now x is such that Px = 0 then x-x-Px is in the norm closure Kx of the set Kx = {x-Tsx;se S). Thus P~l{0} = Kx. If now yeX then y = Py + (y-Py). Thus X=PX © P"1{0} = F © Kx since F(A')np-1{0} = {0}. 72 (1966), p. 1031 which we believe to hold true).
Theorem 9. Let X be a Banach algebra, {Ts; se S} a representation of the EA semigroup S as algebra homomorphisms from X to X. Assume that {Tsx; s e 5} is w-conditionally compact for any xeX.
Then ZJA" = norm (/)-lims Fsat exists for all x e X, P is a bounded multiplicative projection onto the closed subalgebra F = {x; Tsx = x, for all s e S}, P~1{0}= Kx = norm closure of{x -Tsx; x e X, se S} is a closed two-sided ideal and X=F@KX.
Proof. By Corollary 3, Kx is a two-sided ideal and since Ts are bounded and multiplicative F is a closed subalgebra. Furthermore, if a-, y g A' then P(xy) = Remark. We did not assume that 5 is LA or ELA but only that S has the f.i.p.r.i. For example any group S has this property and in this case Q(f) = sup/(i). We give in what follows an example of a semigroup which is EA for which QL+ QR i.e. for which there is a multiplicative LIM which is not a RIM (and a multiplicative RIM which ¡s not a LIM). In the case of amenable groups such an example is given in Hewitt-Ross [18, p. 239].
Let G be the free group on the set of generators (/,;«e /} where / is the set of ordinals less than the first incountable one (and i 1). For ae I, a^2 let Ga be the free subgroup generated by {te; \Sß<<*}-One has t~1Gatan Ga = {e} for each ag2. Since if t~1gta=g' for g, g in Ga and g +e (the identity of G) then g^e. Thus g, g' can be written in reduced form as g = t^l • • •*£*, g' = t^ ■ ■ -t™k where «¡^0, /n¡#0 are integers an<a, ßm<a for lSn<j, lSm<k and the an's are different and the ßm"s are different. But then t~ 1gta = t~1Q ■ ■ -t^ta = Ç}-■ •/"* where both sides are given in reduced form and ßm<a for 1 SmSk. This cannot be since G is a free group. Denote now s=tx. Then Gatas n Gata= 0 for any a^2. Since if Gatas = Gja for some a g 2 then s e tälGja and se G2^Ga, thus s = tx = e, which cannot be. Let now 06 be the semigroup consisting of all countable subsets of G with usual multiplication of subsets. Consider the net of point measures {1 Gala ;«€/}<= m(Qá)*. Since if A, Be Gc and C is the group generated by A u B then CA = CB = AC = BC=C. If G is not countable then Gc does not contain a zero. If G, G' are groups with identities e, e' (resp.) and if <f>: Gc -> G'c is an isomorphism then for any g e G {e'} = <f>({e})='p({g})(t>({g~1}). Hence </>({g})cG contains just one element of G'.
Thus <f> maps ({g}; g e G} into {{g'};g' e G'} and is one to one. This readily implies that G and G' are isomorphic. Thus nonisomorphic groups G give rise to nonisomorphic EA semigroups Gc. Gc will not have left or right cancellation.
2. If G is any locally finite group (i.e. such that finite subsets generate finite subgroups), let G¡ be the semigroup of all finite subsets of G with the same multiplication as above. Then Gf is a EA semigroup (which does not have a zero if G is not finite), in which the group G is embedded. As above nonisomorphic locally finite groups G give rise to nonisomorphic EA semigroups Gf. One can construct from any semigroup S the semigroup Sf and it is readily seen that if S is ELA, ERA or EA then Sf is ELA, ERA or EA resp. It may though happen that Sf is EA without S being so (as is the case if S is any nontrivial locally finite group).
4. Let S={(m, n); m, n= 1, 2,...} with the multiplication (mx, nx)(m2, n2) = (m2, n2)(nx, mx) = (m2, n2) if mx<m2 and (mx, nx)(mx, n2) = (mi, nx + n2). S is an abelian EA semigroup with no idempotents. This example is taken from Ljapin [19, p. 69] (where it appears in different context). A slight generalization of this construction which yields a large class of EA semigroups is as follows: Let / be an infinite set and {Stt; ae 1} a collection of semigroups. Linearly order / so that it contains no last element. Let S=\Jae, Sa and denote the elements of S as pairs (a, s) (or (ß, t) etc...) where s e Sa and a ranges over /. Define (a, s)(ß, t) = (ß, t)(a, s) = (ß, t)ifa<ß and (a, s)(a, ?) = («, st). S becomes this way an EA semigroup in which each Sa is embedded. S will be commutative iff all Sa are. S, as any other nontrivial EA semigroup, will never have left or right cancellation.
5. Let S be a semigroup generated by one element. Then 5 is ELA if and only if S is finite and has a zero. Since if S={an}a>, is ELA, let p>0 be such that aa" = a2ap = av. Then an = a" if nip. Thus S is a finite ELA semigroup with zero a". The multiplicative semigroup {0, 2, 4, 8,...} is, EA, abelian infinite and is generated by the two elements {0, 2} (clearly any finitely generated ELA semigroup contains a right zero).
6. Let 5=[1, Q.) be the semigroup of ordinals less than the first incountable ordinal Q. with the usual (noncommutative) addition + of order types. Then S is a left cancellation semigroup (see Kamke [29, p. 60 
